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Abstract
Sourced gravitational waves in chromonatural inflation (CNI) can give rise to a chiral spectrum
of tensor fluctuations that is considerably enhanced relative to the vacuum fluctuations. If the
field content of CNI acts purely as a spectator (SCNI), the inflationary sector can be consistent
with current data making SCNI very appealing in view of future observations. We investigate the
prospects of embedding SCNI in string theory, in the framework of Ka¨hler inflation in type IIB
large volume string compactifications, with a spectator sector associated with gaugino condensa-
tion on multiply magnetised D7-branes. We first introduce a generalised field theory framework
that describes non-trivial multifield inflation coupled to gauge fields of the form generically arising
in supergravity and string theory. We then use these results to study numerically and analytically
both the background evolution and the dynamics of cosmological perturbations. We show that a
successful inflationary background evolution with a large enhancement of the gravitational wave
spectrum and a controllable backreaction from the amplified tensor fluctuations can be achieved
by considering suitable values of three parameters present in our scenario: the magnetic flux, the
degree of the condensing gauge group and the wrapping number of the D7-brane. On the other
hand, the required values for these quantities may present a challenge for its successful realisation
within string theory. We also discuss these challenges and the model from the viewpoint of the
weak gravity conjecture.
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1 Introduction
Cosmological inflation remains the leading paradigm to explain large scale homogeneity and
isotropy of the observable universe as well as the origin of the large scale structure we observe
today. In its simplest realisation, this early-universe accelerated expansion is driven by a scalar
field, the inflaton, whose potential energy dominates. During inflation, the quantum fluctuations
in the inflaton and metric tensor fields were stretched to observables scales, and set up the initial
conditions for structure growth. These fluctuations induce tiny temperature differences in the
cosmic microwave background (CMB), recently observed to high precision by the Planck satellite
[1].
The mechanism of inflation makes robust predictions for the produced primordial inhomo-
geneities. Namely, they are adiabatic, approximately scale-invariant and nearly Gaussian. All
these properties are in good agreement with current observations [1]. Inflation also predicts the
existence of a primordial gravitational wave (PGW) spectrum, whose amplitude depends on the
inflationary model.
While vanilla models of inflation are in agreement with the most recent data, ongoing and
future experiments will allow us to take a step forward in testing the inflationary paradigm.
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Particularly interesting are the PGWs produced by inflation, which lead to a distinctive B-
mode pattern in the CMB polarisation [2, 3], that is being searched for by a range of ground-
based, balloon and satellite experiments [4–9]. Current bounds on the tensor-to-scalar ratio
r from Planck and BICEP/Keck restrict r < 0.056 [1], but future experiments are likely to
be able to reach a sensitivity of order ∆r ' 10−3. If the PGWs are entirely sourced from
vacuum fluctuations, r can be directly related to the energy scale of inflation, V 1/4 ∼ 1.8 ×
1016GeV(r/0.1)1/4 and the inflaton field displacement during inflation, ∆φ & ×(r/0.002)1/2MPl
via the Lyth bound [10, 11] (taking into account that r does not remain constant, the bound is
much stronger [12]). Thus a clear understanding of the B-mode measurements is tightly linked
to a correct interpretation of their source.
In theories beyond the standard model of particle physics and cosmology, other fields besides
the inflaton may be present during inflation and can have interesting consequences. Their dy-
namics can contribute to the inflationary mechanism at the level of background or fluctuation
evolution, and can leave imprints on the properties of tensor modes, for example by amplifying
their spectrum. This implies that even models of inflation that normally predict a small value of
r can see the primordial tensor spectrum amplified by couplings with additional fields.
Perhaps the most studied example of multifields in inflation is the case with several scalar
fields giving rise to a multiscalar inflationary scenario (see e.g. [13] for a review and references
therein). However, spin one particles have also been considered in various scenarios (see e.g. [14]
for a review and references therein). Non-Abelian gauge fields have attracted a lot of attention
in cosmology recently [15–18]. Interestingly, in these models the spin-2 sector of the gauge field
fluctuations can provide a source for primordial gravitational waves1, enhancing the amplitude
of gravitational wave spectrum in single-field models of inflation, up to values observable with
future CMB polarisation experiments. Moreover, the PGW spectrum turns out to be chiral,
making it potentially distinguishable from a vanilla inflation scenario [26, 27]. These scenarios
are consequently very interesting because of their potential to generate distinctive observables
that can be probed by the next generation of CMB polarisation experiments.
An SU(2) gauge field AAµ was used in the so-called chromo-natural inflation (CNI) model
proposed in [17, 18]. The original motivation of this model was to relax the requirement of
a super-Planckian decay constant f in natural inflation [28], by using the Chern-Simons (CS)
coupling χFAµνF˜
Aµν of the axionic inflaton field χ, to the gauge field with field strength FAµν .
This coupling effectively adds a friction term to the axion dynamics, allowing inflation to occur
in a steeper potential with f < MPl. It has however been demonstrated that in its original form
the CNI model is not observationally viable [26, 27]. An interesting proposal to alleviate this
problem is to introduce a separate inflationary sector, while the gauge-axion sector acts only as a
spectator [29, 30]: we dub this scenario spectator CNI (SCNI). A common feature of both these
proposals, which shall constitute an important point in our investigation, is the need for a large
axion-gauge CS coupling (where the axion, gauge field – and inflaton in SCNI – are canonically
1Amplification of tensor modes by spectator scalar fields has been discussed in e.g. [19–21], and the prospects
for direct detection with future gravitational-wave experiments were recently discussed in [22]. Amplification due
to spectator axions coupled to abelian gauge fields has been discussed in [23–25].
2
normalised):
L ⊃ λ
4f
χFAµνF˜
Aµν , (1.1)
where F = dA − gAA ∧ A, gA being the gauge coupling. Successful chromonatural inflationary
proposals that enhance tensor modes can be constructed, but have to address the following
theoretical challenges:
1. The typical values for the couplings appearing in eq. (1.1) that ensure a consistent back-
ground evolution are2
λ
MPl
f
& 104 , (1.2)
which can be achieved with a large CS coupling λ, and/or a smaller-than-Planck decay
constant3 f . However, as noted already in [32, 33], for canonically normalised axion and
gauge fields, the CS coupling is related to the gauge coupling gA as
λ =
kg2A
8pi2
,
where k ∈ Z. Given that the gauge coupling gA needs to be smaller than one to ensure
perturbative control, a large CS coupling requires k  1, and/or f MPl, which are hard
to achieve, as discussed in [33].
2. An enhancement of primordial tensor modes generally implies that the amplitude of scalar
or vector fluctuations is much amplified. One needs to avoid excessive backreaction of the
gauge field fluctuations to the background – as emphasised for example in [30, 34, 35] –
that would spoil inflation. This condition typically requires very small values for the gauge
coupling gA, which somehow is in contrast with the condition of large CS coupling λ met
in the previous point.
These facts indicate that it is not straightforward to design theories with the correct properties
to realise satisfactory (S)CNI models, and one has to carefully balance between the different
requirements on the quantities involved.
In this paper we explore the possibility of embedding SCNI in string theory, which may offer
new parameters that provide the required conditions for a consistent SCNI model, accompanied
by a relatively large amplitude of the gravitational wave spectrum and a controllable backreaction
from the gauge tensor fluctuations.
Brief review of attempts so far to embed (S)CNI in supergravity and string theory
Before discussing our model, we review two ideas that have been proposed so far in this direction.
The first interesting possibility is to embed CNI in supergravity, as proposed in [36]. In
supergravity, the coupling between the axion (and saxion) to the gauge sector is dictated by the
gauge kinetic function, fA, as:
L ⊃ −Re(fA)
4
FAµνF
Aµν +
Im(fA)
4
FAµνF˜
Aµν , (1.3)
2In [31], a possibility to get λ/f ∼ O(10)/MPl in CNI was presented. We will come back to this point later.
3E.g. (λ, f, gA) = (200, 0.01MPl, 2 × 10−6) in [17], (λ, f, gA) = (2000, 0.2MPl, 10−3) in [27]; (λ, f, gA) =
(500, 0.01MPl, 1.11× 10−2) in [30].
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where fA is a holomorphic function of the superfields, including the axion that acts as the
inflaton in CNI. The proposal to account for a large CS coupling was to introduce two canonically
normalised (super)fields, Φj = αj + iφj , j = 1, 2 and choose the gauge kinetic function as
4
fA = 1 + ic
Φ1
Φ2
with c a number of order one. The inflationary trajectory occurs for αi = 0,
such that, Re(fA) = 1, while Im(fA) = φ1/φ2. The superpotential is chosen such that φ2 is
heavier than the Hubble scale and it is thus kept fixed at its minimum at a suitable value of
〈φ2〉 during inflation5. As we have mentioned before, CNI has been shown to be observationally
unviable, however, one could in principle add to this set-up an inflationary sector as in [30],
while keeping the axion-gauge sector as spectators. However, the viability of such a model will
need to be carefully scrutinised when adding more fields; also the backreaction of the gauge field
tensor fluctuations on the background evolution will be hard to control without introducing new
parameters (i.e. superfields)6 [30, 34, 35]. We will discuss this aspect in detail in this paper.
The second possibility is the work of [37] to embed SCNI in a string theory set-up. In [37] a
simplified string model is considered using gaugino condensation on magnetised D7-branes in type
IIB CY orientifold compactifications, and the axion associated to the 2-form potential C2 present
in the compactification (this was used in [38, 39] to realise natural inflation in string theory). It is
argued that this set-up could in principle be embedded in a large volume scenario (LV) for moduli
stabilisation [40, 41], with the inflationary sector being a model of Ka¨hler inflation [42]. Although
an explicit model was not presented they consider as possible values for the relevant parameters:
λ = 50, f = 10−12MPl, a gauge coupling gA = 0.7, and an axion scale7, µ ∼ 5.89 × 10−8MPl,
that is, µ f , which may be theoretically inconsistent due to unitarity constraints as discussed
in [33]. Importantly, the backreaction of the gauge field tensor fluctuations on the background
was not considered in [37]. It has been argued in the literature that backreaction imposes strong
constraints on the parameters [30, 34, 35]. As we shall discuss in detail, keeping under control the
backreaction of gauge fluctuations requires an additional parameter, which needs to be sufficiently
small.
What we do in this work
In light of these results, in this paper we consider in detail the requirements for an explicit
realisation of the SCNI scenario in a string theory set-up, which can achieve the following three
goals:
1) a successful background evolution,
2) a sufficiently large enhancement of the tensor fluctuations which become chiral and poten-
tially detectable by future experiments,
4In [36], fA = 1 + c
Φ1
Φ2
with the norm |c| a number of order one; c needs to be purely imaginary in order for
the axion-gauge coupling to be non-zero along the inflationary trajectory, which is given by Re Φi = αi = 0.
5The Ka¨hler potential and superpotential for this model are given by K = 1
2
(Φ1 + Φ¯1)
2 + 1
2
(Φ2 + Φ¯2)
2 + SS¯
and W = S
[
i
√
2Λ sinh
(
iΦ1/
√
2Φ2
)
+ (Λ22 + Φ
2
2)
]
, where Φi = αi + iφi and αi = S = 0 during inflation, while
Λ2 = 〈φ2〉 sets the large coupling required.
6As we will discuss, the gauge coupling needs to be sufficiently small to guarantee control on the backreaction.
This could be introduced in supergravity by adding a third superfield, Φ3 to the configuration of [36], in addition
to the inflationary sector, such that 〈Φ3〉 sets the required small coupling.
7Assuming an effective potential for the axion of the form V = µ4(1− cos (χ/f)).
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3) a controllable backreaction from the tensor gauge fluctuations.
We will show that while 1) and 2) can be achieved using two available parameters in the set-up
we consider, 3) needs a third parameter, present in our set-up.
As pointed out in [37] (and [36] in supergravity), string theory naturally includes the field con-
tent of SCNI, albeit in a more intricate form. Given the phenomenologically appealing features
of this scenario, and the forthcoming experimental opportunities associated with CMB polari-
sation, it is of paramount importance to investigate the possibility of realising this model in a
theoretically consistent theory, while also keeping the backreaction under control.
As a benchmark set-up, we adopt the LV moduli stabilisation scenario [40, 41] in type IIB
CY orientifold compactifications. Within this framework, we consider Ka¨hler inflation, where
the tensor-to-scalar ratio is too small to be observationally relevant, namely r . 10−7 [42, 43].
The minimal Ka¨hler inflation model requires three Ka¨hler moduli: one of them acts as an overall
volume, one acts as a stabiliser and the third does the job of the inflaton. In order to realise
a SCNI scenario, we need to introduce a spectator sector to Ka¨hler inflation. This requires a
fourth Ka¨hler modulus and gaugino condensation on a multiply-wrapped magnetised D7-brane
stack, whose gauge field fluctuations couple to a C2 axion. This set-up thus resembles the one
introduced in [37], however we will look at the full moduli stabilisation and cosmological evolution
of the inflaton as well as the spectator sector, and thus explicitly identify the three necessary
parameters (and order of magnitude) to realise the three goals stated above. Specifically, these
parameters are: the magnetic flux on the D7-brane stack, the degree of the condensing group
and the wrapping number of this brane.
Working with these tools, we organise our discussion as follows:
• In section 2, we discuss the dynamics of SU(N) gauge fields in general multifield inflationary
scenarios that arise in typical supergravity and string theory models. In particular, the
metric in the scalar manifold is generically curved, the scalar potential is non-separable,
and the coupling of the scalars to the gauge fields is non-trivial. Within this set-up, we
discuss the background evolution and requirements for successful inflation in this more
general configuration. Once specialised to the case of spectator chromonatural inflation, we
show how the background evolution leads to a condition similar to eq. (1.2).
• In section 3 we introduce Ka¨hler inflation and the specific set-up we use to realise SCNI
in this framework, introducing the relevant parameters discussed above and presenting the
full background evolution. We use the results in section 2 to show that goals 1) and 2)
discussed above can be realised using two specific parameters present in this configuration,
namely, magnetic flux on the D7 spectator brane, and the degree of the condensing group.
• In section 4 we focus on a detailed analysis of the tensor and scalar perturbations for the
model of section 3, including a careful estimate of the amount of backreaction induced by
the gauge fluctuations. We show that the amplitude of the primordial tensor modes can be
enhanced by a factor of order 103 with respect to the typical values met in the standard
Ka¨hler inflation model: this factor is sufficient to make the spectrum detectable by future
experiments. In order to avoid excessive backreaction from the gauge fluctuations, we show
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that a third parameter present in the model is needed, specifically, a non-trivial wrapping
of the spectator D7-brane stack.
• In section 5 we summarise and discuss our findings, the viability of the parameters’ values
to realise the three goals above and possible future directions.
2 Gauge fields in general multifield inflation
We start by introducing the general set-up that arises when considering SU(N) gauge fields
coupled to an axion in a general multi(scalar)field inflationary system, and then study in detail the
requirements for successful inflationary dynamics. Our aim is to determine general conditions that
a successful model of slow-roll inflation has to satisfy in the general set-up we study. Moreover,
when specialising to the case spectator chromonatural inflation, we show that our formulas require
large Chern-Simons couplings between the axion and gauge fields (as discussed around eqs. (1.1)
and (1.2)).
The action describing the system we are interested in consists of multiple scalar fields inter-
acting with a gauge field. It reads8
S =
∫
d4x
√−g
[
M2Pl
2
R− γab(φ
c)
2
∂µφ
a∂µφb − V (φa)− f(φ
a)
4
FAµνF
Aµν +
h(φa)
4
FAµνF˜
Aµν
]
,
(2.1)
where γab(φ
c) is the metric of the scalar manifold spanned by the scalar fields φa, and V (φc) is
the scalar potential, which is generally not separable; that is, the scalar fields generically interact
via the kinetic and/or potential terms. The scalar sector with a = 1, . . . n scalars, contains the
axion as well as the inflaton(s), which may be constituted by one or more fields, non-trivially
coupled to one another. The coupling of the scalars (inflaton(s) and axion(s)) to the gauge sector
is dictated by the functions f(φa), h(φa), which generically depend on the scalar fields9.
The gauge group is in general SU(N) and the gauge field strength, FAµν , is given by
FAµν = ∂µA
A
ν − ∂νAAµ − fABCABµACν , (2.2)
where fABC are the structure functions of SU(N), and the dual, F˜Aµν , is defined as F˜Aµν =
µναβFAαβ/(2
√−g) with g the metric determinant. Let us stress that at this stage the gauge field
is not canonically normalised. Thus, there is no gauge coupling, gA, appearing in the definition of
FA, nor in the action. The gauge coupling is field-dependent and it is given by g2A = 1/f(φ
a) once
the scalar field φa, coupled to the gauge field, has been stabilised. However, while the scalar is
evolving, we can define an instantaneous gauge coupling at a fixed time, t0 as, g
2
A,0 = 1/f(φ
a(t0))
as will be the case in our string theory set-up.
We now discuss the cosmological background evolution and slow-roll dynamics of the system.
Specifically we are interested in the case where two scalar fields couple to the gauge field via the
8In [29], a generalisation of CNI was presented where the canonically normalised inflaton – driven by a dilaton
– and the axion, are both coupled to a canonically normalised SU(2) gauge field. In our notation, they had a flat
scalar metric, γab = δab, f(φ
a) a function of the inflaton and h(φa) = λ
f
σ, where σ denotes the axion.
9As can be inferred from the introduction, and as we will discuss below, they are related to the real and
imaginary parts of the gauge kinetic function.
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functions f(φa) and h(φa), plus an additional scalar field, not coupled to the gauge field, which
acts as the inflaton. That is, the spectator sector consists of two scalars coupled to the gauge
field. This system generalises the chromonatural inflation models discussed in [17, 30].
2.1 Background evolution and slow-roll inflation
We consider a homogeneous and isotropic flat FRW metric ds2 = −dt2+a(t)2dxidxi, where a(t) is
the scale factor. To treat the SU(N) case, we proceed as follows. First, homogeneity and isotropy
of the gauge field energy density, and hence the background can be maintained by splitting the
SU(N) gauge group into N = [N/2] (N/2 mod 2) disjoint sub-groups of SU(2) [44, 45]. In each
sub-group, the gauge field equals a different scalar, which can be assumed to be locked into the
following isotropic configuration,
AA0(n) = 0, A
A
i(n) = a(t)Qn(t)δ
A
i , n = 1, . . . ,N . (2.3)
Notice that now within each sub-group, fABC = ABC . In the background configuration (2.3),
the field strength tensor components within each sub-group are,
FA0i(n) = −aEAi(n) = a(t)
[
HQ(n)(t) + Q˙(n)(t)
]
δAi , (2.4)
FAij(n) = a
2ijkB
A
k(n) = − Aij
[
a(t)Q(n)(t)
]2
, (2.5)
where H = a˙/a is the Hubble parameter.
For N > 1, it is difficult to solve the full background evolution. However, a simplification
occurs if one assumes that each SU(2) sub-group has a common field strength10, FA. In this
case, the system and equations of motion are equivalent to those of the single SU(2) case by
replacing AAi → AAi /
√N , that is,
Q→ Q√N , (2.6)
and defining an effective gauge coupling, g, as
g ≡ 1√N , (2.7)
which is now equivalent to having F = dA− gA ∧A, without introducing this coupling into the
function h(φ). Let us stress again that this is not the standard gauge coupling, which is still
given by g2A = 1/f(φ
a) defined above and at this stage is field dependent. From (2.7) we already
see that a small (effective) gauge coupling g can be achieved for a large gauge group, N : this fact
will be important in what follows. Keeping this in mind, we focus on the single SU(2) case with
an effective gauge coupling given by (2.7), to investigate the background evolution of the system.
In this case, the equations of motion for the metric are given by
3M2PlH
2 = ρφ + ρYM , (2.8)
2M2PlH˙ = −ϕ˙2 − 2f(φa)
[(
HQ+ Q˙
)2
+ g2Q4
]
, (2.9)
10This can be realised by initialising the system with a common initial condition. See also the discussion in [44].
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where in (2.8) the energy densities are defined as
ρφ =
1
2
ϕ˙2 + V (φa) , ρYM =
3
2
f
[
(HQ+ Q˙)2 + g2Q4
]
, (2.10)
and we have defined:
ϕ˙2 ≡ γabφ˙aφ˙b . (2.11)
The scalar equations of motion are given by
φ¨a + 3Hφ˙a + Γabc φ˙
bφ˙c + γab V,b = −3g γabh,bQ2
(
HQ+ Q˙
)
+
3
2
γabf,b
((
HQ+ Q˙
)2 − g2Q4) ,
(2.12)
where X,a denotes a derivative w.r.t. to the field φ
a. Note that the RHS of this equation will be
zero for any scalar field that is not coupled to the gauge field. Note as well that these equations
are valid also if the inflationary sector (decoupled from the gauge field) includes several scalars.
In this case, there may be further interesting phenomenology due to possible large turns (see
e.g. [46–52]). We leave exploration of this possibility for future work.
Finally, the gauge field equation is given by
Q¨+ 3HQ˙+Q
(
H˙ + 2H2
)
+ 2g2Q3 = gQ2 φ˙a
h,a
f
− φ˙a f,a
f
(
QH + Q˙
)
, (2.13)
where on the RHS only the scalar fields coupled to the gauge field will appear.
The energy-momentum conservation equation, ∇µTµν = 0, where Tµν is the total energy
momentum tensor including the scalars and gauge field, further gives (ν = 0):
ρ˙φ + 3H(ρφ + pφ) = φ˙
aQaYM ,
ρ˙YM + 4HρYM = −φ˙aQaYM , (2.14)
with
QaYM ≡ −3 gh,aQ2(HQ+ Q˙) + 3
2
f,a
[
(HQ+ Q˙)2 − g2Q4
]
. (2.15)
Equations (2.14) show in a neat way the non-trivial interplay between the scalar and gauge field
dynamics in a cosmological setting.
2.2 Slow-roll Dynamics
To study inflation, we define the first slow-roll parameter in the usual way as
 ≡ − H˙
H2
= ϕ + E + B , (2.16)
where we introduced the slow-roll parameters for the scalars and the gauge field:
ϕ ≡ ϕ˙
2
2H2M2Pl
, E ≡ f(HQ+ Q˙)
2
H2M2Pl
, B ≡ g
2Q4f
H2M2Pl
. (2.17)
During inflation,  = ϕ+ E + B  1, which implies that 3M2PlH2 ∼ V . Note that there may be
different hierarchies among the individual slow-roll parameters, but the overall  has to be small,
 1.
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We now define a second small slow-roll parameter as follows:
η ≡ ˙
H
= 2H − 2 ϕ
H
δϕ + ξf (B + E) + 2
E
H
δE + 4
B
H
δB  1 , (2.18)
where we introduced the quantities
δϕ ≡ − ϕ¨
Hϕ˙
, δE ≡ (Q˙+HQ)˙
H(Q˙+HQ)
, δB ≡ Q˙
HQ
, (2.19)
which are small during inflation (to ensure that η is small barring cancellations), as well as the
small parameter
ξf ≡MPl f,aφ˙
a
2fϕ˙
√
2ϕ . (2.20)
Notice that the slow-roll conditions defined above do not involve the coupling between the axion
and the gauge field, h. Therefore, this coupling can be large during inflation.
Dropping all terms with time derivatives except on the RHS of the equation for Q, (2.13),
which transfers part of the scalar sector kinetic energy to the background gauge field, we get the
relation
2H2Q+ 2g2Q3 ' gQ2h,aφ˙
a
f
−HQfaφ˙
a
f
. (2.21)
Introducing the key parameters
ξh ≡ MPl
f
h,aφ˙
a
2ϕ˙
√
2ϕ =
h,aφ˙
a
2fH
, ξQ ≡ gQ
H
, (2.22)
eq. (2.21) becomes
1 + ξ2Q ' ξh ξQ − ξf . (2.23)
As we saw, the slow-roll conditions imply that ξf  1, while no condition is required for ξQ, ξh,
which can be significant, and given (2.23), we have, ξh & ξQ. Stability analysis in CNI have shown
that scalar perturbations are stable for ξQ >
√
2 and therefore ξh & ξQ >
√
2 [17, 18, 31, 53].
Then ξh > 1, which implies
MPl
f
h,aφ˙
a
2ϕ˙
>
1√
2ϕ
. (2.24)
This is the first important constraint on the background field evolution that any successful model
of inflation described by action (2.1) should satisfy. Note that this relation depends on the ratio
between the gauge field coupling to the scalars via h,a/f and has non-trivial implications for their
values as we now discuss.
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2.3 Large Chern-Simons couplings are needed in spectator chromo-natural inflation
Let us consider the condition in eq. (2.24) in the known cases of CNI and SCNI. In those examples,
h(φa) = λχ/f (see eq. (1.1) in the Introduction) where χ is the axion, while f(φa) = 1. Then,
condition (2.24) reduces to [31]
MPl
f
λ√
2
>
1√
χ
, (2.25)
where χ is the slow-roll parameter associated to the axion field alone: χ =
χ˙2
2M2PlH
2 (that is, the
inflaton does not enter in this relation in the case of SCNI). Therefore it is clear that in CNI,
where the axion is also the inflaton, the larger the combination λMPl/f is, the smaller χ will be.
In other words, to avoid an excessively large coupling λMPl/f , χ will be as large as possible (see
e. g. [31] where MPlλ/f ∼ 10). On the other hand, in order to ensure a maximal enhancement of
the tensor fluctuations from the gauge field, the parameter ξQ needs to be as large as possible,
while keeping the backreaction of the gauge tensor perturbations on the background equations of
motion under control [30, 34]. We will see this in detail in the string theory realisation in sections
3 and 4.
In the extended version of chromonatural inflation [30], the axion and gauge fields act as
spectators and therefore the requirement of a large axion coupling from the condition (2.25) can
be relaxed by consistently maximising the value of χ, while having φ < χ  1, where φ is the
inflaton. An extreme example of this situation with φ ∼ 10−73, Hinfl ∼ 10−40MPl and χ ∼ 10−6
(with λ/f ∼ 104M−1Pl , ξQ ∼ 44, g ∼ 10−36) was discussed in [34]11.
In the rich multifield model we consider in the next section, there is not a neat distinction
between each scalar’s dynamics, and therefore, ξh is dictated by the evolution of all scalar fields,
as seen in (2.22). This means that this large coupling requirement could be mildly relaxed due
to the multiple field evolution12. Moreover, as we already mentioned, we are also aiming to
maximise the tensor fluctuations’ enhancement, that is largely determined by the magnitude of
ξQ, as well as keeping the backreaction under control.
3 Towards Spectator Chromonatural Ka¨hler Inflation
In this section we introduce the string theory set-up we consider to embed a generalised SCNI
model as described in the previous section. We start by introducing the original Ka¨hler inflation
set-up [42] in type IIB Calabi-Yau orientifold compactifications within the large volume moduli
stabilisation [40, 41] framework. Ka¨hler inflation involves three Ka¨hler moduli [42] and to this
inflation sector we add the spectator sector given by gaugino condensation on multiply-wrapped
magnetised D7-branes. The gauge fluctuations on these branes coupled to a fourth Ka¨hler mod-
ulus T4 and a C2 axion constitute the field content of the spectator sector. We also introduce a
second stack of unmagnetised D7-branes wrapping same 4-cycle as the magnetised stack in order
to allow for a suitable stabilisation of the fourth Ka¨hler modulus, T4. This set-up is very close to
11See however [54] for restrictions on the model in [34].
12As all the scalar fields interact non-trivially via the kinetic and potential terms, non-linearities may restrict
further the parameter space along the lines discussed in [54]. The details of this are outside the scope of the present
paper and thus we will not consider this issue in this paper.
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that introduced in [37] (see also [38, 39] for similar set-ups used in the context of axion inflation
in string theory). We will discuss briefly the need to introduce a fourth modulus as well as a C2
axion, rather than using the field content already present in the original Ka¨hler inflation set-up.
As we already mentioned in the introduction, we are interested in realising three goals with
this model: 1) a successful background evolution, 2) a sufficiently large enhancement of the tensor
fluctuations in order to be observable by future experiments and 3) a controllable backreaction
from the tensor gauge fluctuations. We will see that the construction described above includes
three parameters that can be used to realise these goals, namely the brane magnetic flux, M , the
gauge group degree13, N and the wrapping number, n. In this section we consider suitable values
for these parameters that allow us to achieve the goals above and use numerical methods to study
the background configuration and cosmological predictions for the host inflationary model. In
the next section 4 we look the cosmological perturbations and backreaction for the model.
3.1 Set-up and parameters
The four dimensional effective action arising in models of inflation in string theory such as Ka¨hler
Moduli Inflation is given by
S=
∫
d4x
√−g
[
M2Pl
2
R−Kij¯∂µT i∂µT j¯ − V (T k)−
Re(fA)
4
FAµνF
Aµν +
Im(fA)
4
FAµνF˜
Aµν
]
, (3.1)
where Kij¯ is the metric of the scalar manifold spanned by the fields T
i, the Planck scale is given
by M2Pl = 4piVM2s /g2s , with V the six-dimensional volume vev in string units, M2s = ((2pi)2α′)−1
the string scale and gs the string coupling. The SU(N) gauge field(s) F = dA − A ∧ A, give
rise to gaugino condensation on D7-branes, which generates a potential for the Ka¨hler moduli,
Ti. The other moduli present, namely the axiodilaton and complex structure (and deformation
moduli of D7-branes) are assumed to be already stabilised at the perturbative level by internal
fluxes at a higher scale and integrated out consistently (see [42] for more details). The coupling
between the scalars (complex Ka¨hler moduli) and the gauge field is given by the holomorphic
gauge kinetic function, fA(T
k).
Comparing (3.1) to the general multifield action (2.1) we introduced in section 2, we see that
we have a non-trivial scalar metric (Kij¯ here) mixing non-trivially the scalar fields; the scalar
potential is in general a non-separable, non-trivial function of all the scalar fields, and there is
a non-trivial well-defined coupling between the scalar fields and the gauge field. To make the
comparison between (3.1) in the form (2.1) more obvious, we can define dimensionful fields as
φa = MPlReTi , (3.2)
and similarly for ImTi, such that the kinetic term for the Ka¨hler moduli is:
Kij¯∂µT
i∂µT j¯ =
1
2
γab∂µφ
a∂µφb . (3.3)
We discussed in the previous section how to deal with the general SU(N) group in terms of an
effective single SU(2) group by introducing an effective gauge coupling (2.7), g = 1/
√
N/2. Let
us stress again that this effective coupling is not the gauge coupling, which is field dependent and
given by g2A = 1/Re(fA) as discussed in section 2.
13Not to be confused with the e-folds number in what follows!
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3.1.1 Scalar potential
Let us start by discussing the scalar sector. The scalar potential in (3.1) is given by N = 1
supergravity in terms of the Ka¨hler potential and the superpotential as:
V = eK/M
2
Pl
(
Kij¯DiWDj¯W¯ −
3
M2Pl
|W |2
)
, (3.4)
where DiW = ∂iW +KiW , Kij¯ ≡ ∂
2K
∂T i∂T¯ j¯
and the Ka¨hler potential and superpotential are given
by [41]
K
M2Pl
= −2 ln
(
V + ξ
2g
3/2
s
)
− ln(2/gs) +Kcs , W = g
3/2
s M3Pl√
4pi
(
W0 +
∑
i
Aie
−aifi
)
, (3.5)
where V is the (Einstein frame) volume of the Calabi-Yau (CY) manifold X measured in string
units (ls = 2pi
√
α′) and ξ = −χ(X)ζ(3)/(2(2pi)3) gives the α′ correction to the Ka¨hler potential14
[55, 56] where χ(X) is the Euler characteristic number of the CY manifold and ζ(3) ' 1.2.
In eq. (3.5), Kcs is the contribution to the Ka¨hler potential from fixing the complex structure
moduli to their minima and W0 is the (tree-level) contribution to the superpotential coming from
the fluxes after fixing the complex structure and axiodilaton to their minima. The sum over i
runs over the 4-cycles generating the non-perturbative contributions, where the Ai’s are model-
dependent constants, while ai are given by ai = 2pi/Ni for gaugino condensation with gauge
group SU(Ni), and fi(T
k) are the holomorphic gauge kinetic functions.
The original LV scenario requires at least two Ka¨hler moduli15: a ‘large’ modulus controlling
the overall volume and a ‘small’ modulus corresponding to a blow-up cycle. Ka¨hler moduli
inflation within the LV framework requires at least one more Ka¨hler modulus, which can then
act as the inflaton [42]. The volume has the form:
V = α
(
τ
3/2
1 −
n∑
i=2
λiτ
3/2
i
)
(3.6)
so that here τ1 is the large cycle, while τi, i = 2, . . . , n are small blow-up cycles. The parame-
ters α, λi are model-dependent constants that can be computed once a particular CY has been
identified.
In the minimal set-up of Ka¨hler inflation with three Ka¨hler moduli, τi, the volume is given
by (3.6) with τ1  τ2, τ3. A detailed analysis of the scalar potential shows that it is possible
to focus on a two-field evolution [43], where the inflaton τ2 and its axionic partner b2 evolve.
Therefore a natural question is whether their coupling to the D7-brane gauge field(s) can provide
a source for primordial gravity waves, realising the SCNI discussed in [30] in this minimal 3-field
set-up. In this case the gauge kinetic functions are simply given by fi = Ti = τi + ibi, so one
could imagine an example with the real part of one of the Ka¨hler moduli (and gauge kinetic
function), say T2, drives inflation, while its axionic part (and imaginary part of the gauge kinetic
14The factor of g
3/2
s arises because the volume is measured in Einstein frame [40, 41].
15It also requires more complex structure moduli than Ka¨hler moduli h(1,2) > h(1,1) where χ(X) = 2h(1,1)−h(1,2)
and hence ξ > 0, in order to have the non-supersymmetric minimum at large volume, where the leading contribution
to the scalar potential coming from the α′ correction needs to be positive [40, 41, 57].
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function) determines the coupling to FAF˜A. However, in this case it is clear that the required
large coupling between the axion and the gauge field cannot be achieved (see eqs. (2.22), (2.24)).
We therefore introduce a suitable spectator sector, while the real part of T2 (τ2) drives inflation
and its axionic partner (b2) is stabilised as in the original model of Ka¨hler moduli inflation [42].
3.1.2 Spectator sector
The spectator sector we introduce arises from a multiply-wrapped magnetised D7-brane stack
along a 4-cycle parameterised by a fourth Ka¨hler modulus T4. In this case, the gauge kinetic
function becomes [37, 38, 58–60]
f4 = n
(
T4 + κ
A
bcG
bfc +
κAbc f
bfc
2gs
)
, (3.7)
where n is the wrapping number, κAbc are intersection numbers, f
c is the D7-brane magnetic
flux and Ga is given by16 Ga = 1gsb
a + ica, where ba and ca are the axions descending from
the B2 and C2 forms present in the theory. The Ka¨hler coordinate T4 is shifted by G as T4 →
T4 − gs4 κAbcGb(G + G¯)c [58–60]. The magnetisation of the D7-branes also contributes to the D-
term for the D7-brane gauge theory [59, 60]. In general this can receive contributions from matter
fields living on the D7-branes. Here we assume that these have been stabilised at a high scale
together with the complex structure moduli and the axiodilaton. Furthermore, we assume that
the D-terms also contribute to the stabilisation of the B2 axion at b = 0 [37, 38].
Finally, for a successful stabilisation of τ4 consistent with our generalised SCNI scenario, we
introduce a second stack of unmagnetised D7-branes wrapping the same cycle as the spectator
brane, which gives rise to a second non-perturbative contribution for the modulus T4. That is,
the superpotential in (3.5) includes two terms for the spectator sector given by
W (s)np = A4e
−a4T4 +Ae−af4 , (3.8)
where
f4 = n (T4 + iM b) , (3.9)
where T4 = τ4 + ib4 and we have denoted the magnetic brane flux with M and renamed the C2
axion as b.
Let us summarise the configuration and parameters we have and compare them to the phe-
nomenological DFF model [30, 34]. The spectator sector’s action takes the following form:
L ⊃ −f(τ4)
4
FAµνF
Aµν +
h(b)
4
FAµνF˜
Aµν , (3.10)
where17
f(τ4) = τ4, h(b) = Mb, (3.11)
and we have absorbed the wrapping number n into the gauge field AA, whose field strength is
now given by F2 = dA− gA ∧A with the effective gauge coupling redefined as
g = 1/
√
nN/2, (3.12)
16Where we have assumed that the axiodilaton imaginary part has been fixed to zero.
17We have ignored here the shift in Imf4 due to b4, which will be stabilised during the cosmological evolution.
We do this because the required value of the magnetic flux M  〈b4〉 and thus will not change the results.
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and as we have discussed, both τ4 and b are dynamical during inflation. It is also important to
remember that the scalar fields τ4 and b are not canonically normalised. The scalar potential
coming from (3.4) for b will take the form (see below)
V (b) ∼ g(τ4) cos (naM b) , (3.13)
where g(τ4) is a function of the spectator saxion, τ4, and a = 2pi/N .
From our discussion in section 2, we now see that the large coupling between the axion and
the gauge field can be achieved by a large magnetic flux, which fixes M . We also need the
gauge field to be sustained for a sufficiently long time in order to enhance the tensor spectrum,
which requires a suitable value for the “decay constant” of the axion. Note that since the scalar
fields are not canonically normalised, the naive decay constant read off from the scalar potential
(3.13) fc = 1/(M na) is not correct. However we can identify an instantaneous decay constant as
fc = MPl
√
γbb(τ4)/(M na) and as we will see, this needs to be of order fc ∼ 10−3MPl, thus fixing
the value of M na. At this stage, we have two constraints and three parameters, (n,M,N), in
order to have a successful inflationary evolution with a gauge field that can be sustained for long
enough to enhance the tensor spectrum. However, besides a successful inflationary evolution, one
needs to make sure that the backreaction of the tensor gauge perturbations are under control
[30, 34, 35, 54], which will require g 1, thus introducing a third constraint and fixing the three
parameters we have available.
In summary, we have 3 parameters: (M,N, n) to fix three constraints to fulfil our goals 1),
2), 3) discussed in the Introduction. In what follows, we will choose M , anM and g (thus fixing
(M,N, n)) to ensure a successful background evolution, large enhancement of tensor perturbations
and good control on the backreaction.
3.2 Background evolution and cosmological parameters
The inflationary potential can be found from the superpotential and Ka¨hler potential through
(3.4), (3.8). The scalar manifold metric at leading order in 1/V can be computed from (3.5) to
be
KTiT¯j¯ =
3αλi
8V√τiM
2
Plδij¯ , (3.14)
while for the C2 axion it has the form [58, 59]
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Kbb¯ =
gs
V
√
τ4√
γ
M2Pl , (3.15)
where γ is a model dependent constant. The potential for τi and bi at large volume takes the
form
V =
eKcs(gsMPl)
4
8pi
[
V2 + V4 +
3ξW0
4V3 +
β
V2 + V3
]
, (3.16)
where
V2 =
8(a2A2)
2e−2a2τ2
√
τ2
3αλ2V +
4W0a2A2e
−a2τ2 cos (a2b2) τ2
V2 ; (3.17)
18The general form is given by Kab¯ =
gs
V κ
α
abtα where tα are 2-cycle volumes and are related to the 4-cycle volumes
via τα = 1
2
καβγtβtγ , while the volume can be written in terms of the tα’s as V = 13καβγtαtβtγ . Here we assume
that the there is an orthogonal basis such that τ4 ∝ (t4)2.
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V4 =
8a˜2A˜2
√
τ4
3αλ4V e
− 2a˜
M
τ4 +
16a˜A˜a4A4
√
τ4
3αλ4V e
−(a4+ a˜M )τ4 cos
[
a4b4 − a˜
(
b+
b4
M
)]
+
4a˜A˜W0τ4
V2 e
− a˜
M
τ4 cos
[
a˜
(
b+
b4
M
)]
+
8(a4A4)
2e−2a4τ4
√
τ4
3αλ4V
+
4W0a4A4e
−a4τ4 cos (a4b4) τ4
V2 (3.18)
where we defined
a˜ ≡ anM, A˜ ≡ A
M
; (3.19)
the term proportional to β in (3.16) is an uplift term, taken to be of the form Vuplift = β/V2 as
in [42]; and V3 comes from the stabilisation of the T3 modulus and it is given by:
V3 =
8(a3A3)
2e−2a3〈τ3〉
√〈τ3〉
3αλ3V −
4W0a3A3e
−a3〈τ3〉〈τ3〉
V2 , (3.20)
with b3 set to its minimum, 〈b3〉 = pi/a3. The small cycle τ3 acts as a stabiliser for the potential at
large volume V so cannot be shifted far from its minimum. However τ2, τ4 and b4 can be displaced
away from their minima leading to an effective three-field inflationary model. We have explicitly
checked that the T3 modulus stays at its minimum with 〈b3〉 = pi/a3 during the cosmological
evolution in this case. The b2 axion can be started away from its minimum and its effect on
the inflationary evolution – in particular, with b2 well away from its minimum – is to slow down
τ2 further and inflation proceeds for longer. However, as shown in the original Ka¨hler inflation
scenario [42], b2 can be set to its minimum, b2 = 〈b2〉 = pia2 , where it is stable.
With this system τ4 and b, coupled to the gauge sector, act fully as spectator fields. We require
that both the kinetic and potential energy densities in the spectator fields are less than those of
the inflaton. This ensures that the inflationary predictions of Ka¨hler inflation driven by τ2 are
not affected and thus τ4, b and the gauge field, are true spectator fields.
Parameters
We consider the following set of parameters for the Ka¨hler moduli19:
ξ =
1
2
, α =
1
9
√
2
, λ2 = 10, λ3 = 1, λ4 = 0.01,
a2 =
2pi
30
, a3 =
2pi
3
, a4 =
2pi
50
, a˜ = 40a4, gs = 0.1,
A2 =
1
1.7× 106 , A3 =
1
425
, A4 = 4.2× 10−9, A˜ = 0.0034A4,
M = 10000, γ = 5, β = 6.94681× 10−5, W0 = 40
17
. (3.21)
Here λ4 is chosen to be much smaller than λ2 so that τ4 has lower kinetic energy, and therefore
a negligible contribution to ϕ. We require that the energy density of the universe receives only a
19The parameters are the same as in example 4 in [43], with the addition of a fourth modulus and the C2 axion.
Moreover, as in [42, 43] we use eKcs to match the amplitude of the scalar power spectrum.
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small contribution from the spectator part V4 so that inflation can proceed as expected with the
important inflationary terms given in V2. With this in mind, A4, a4, A˜, a˜ are chosen to be small
relative to A2, a2. In addition to this, we would like the stabilisation of τ4 and b4 to be dictated
by the terms
8(a4A4)
2e−2a4τ4
√
τ4
3αλ4V +
4W0a4A4e
−a4τ4 cos (a4b4) τ4
V2 , (3.22)
which is why A˜ is taken to be small relative to A4. Ensuring the terms involving b are much
smaller than the terms in (3.22) ensures that the b4 axion will be minimised at 〈b4〉 = pia4 , which
in turn ensures that τ4 is stabilised at a much smaller value than τ1
20. We are then left with
some freedom in choosing a and M , which are chosen phenomenologically to lead to a successful
enhancement of the PGW spectrum.
The global minimum of the potential for this set of parameters is found to be at:
τ1 = 2554.50, τ2 = 4.77523, τ3 = 2.65081, τ4 = 14.8743, V → 10135.3 , (3.23)
while the axions’ minima lie at bi = pi/ai. This is a relatively small-volume example for Ka¨hler
modulus inflation, however it is still consistent with the large volume approximation. With this
value for the 6D volume, the string scale results Ms ∼ 3× 10−4MPl.
Displacement of τ1, τ4 and b away from this minimum leads to a negligible shift in the values
of τ3 and V at the new local minimum. Therefore, for numerical simplicity, we set τ3 and V,
as well as the b2, b3 and b4
21 axions to their minima without loss of generality, so that we are
considering a three-field system (τ2, τ4, b) with real-space field metric given by
γab =

3αλ2
4
√
τ2V 0 0
0 3αλ44√τ4V 0
0 0
2gs
√
τ4√
γV
 . (3.24)
We now have all the ingredients of the low-energy action describing the dynamics of the
inflaton and spectator sector fields. The equations of motion were discussed in Section 2, and
are given in equations (2.8)-(2.13). The initial conditions for τ4, b, and Q, as well as the values
of the parameters are chosen phenomenologically to lead to a large (observable) enhancement of
the gravitational wave spectrum (see section 4) without leading to excessive backreaction from
the gauge tensor perturbation (see section 4.4). With this in mind, besides the parameters in
(3.21) we take g = 12000 , which fixes the last parameter, namely, n.
The initial conditions are taken as:
τ2 = 80.17, τ4 = 10, b = 0.4
pi
a
, Q = 8× 10−4MPl . (3.25)
20Recall τ4 must be a ‘small’ blow-up modulus, and a minimum at low values of τ4 is achieved through the terms
in the potential of (3.22). The minimum can be ruined if the terms involving the b axion are too large and τ4 can
be destabilised to very large values, τ4 & 103.
21We explicitly checked that the b4 axion is indeed stable at
pi
a4
despite the extra terms in the potential that
involve both b and b4. This is because these extra terms are chosen to be much smaller than the term proportional
to cos(a4b4), which successfully stabilises the axion at
pi
a4
.
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The modulus τ4 is shifted slightly from its minimum while the axion, b, is well away from its
minimum, but as can be seen in FIG. 2, as b approaches its minimum 〈b〉 = pia , τ4 approaches its
own 〈τ4〉 = 14.9. The evolution of τ4 is thus quite trivial. The important spectator scalar
field is of course the axion, b, which moves slowly towards its minimum as can be seen in
FIG. 2. The axion’s, b, evolution is slowed considerably by its coupling to the gauge field, Q,
which backreacts on it through the term on the RHS of (2.12), −3 g γab h,bQ2
(
HQ+ Q˙
)
=
−3 g M2pi
√
γV
2gs
√
τ4
Q2
(
HQ+ Q˙
)
. This term almost completely cancels with the potential term
γabV,b =
√
γV
2gs
√
τ4
∂V
∂b as can be seen in FIG. 3. This “slow-roll solution” is the situation described
and expected in chromonatural inflation [17] and more generally in models with a spectator axion
coupled to a gauge field [30, 37] where the gauge field, Q, has an attractor solution such that
it forces the axion to roll slowly. This slow evolution of the axion leads to the gauge field, Q,
being sustained for a large period of time during inflation as is shown in FIG. 4. The evolution
for Q satisfies 2g2Q3 ∼ gHQ2ξh as can be seen in FIG. 5. Left unchecked, the term 2g2Q3 will
quickly send Q to zero. The term in eq. (2.13) due to the coupling between the axion and gauge
field almost cancels 2g2Q3 and therefore Q is supported for a sizeable duration of the inflationary
period. The evolution of the inflaton, τ2, as of ξf , ξh and the slow-roll parameters, , φ, B, E
as well as fc are shown in FIGs. 1-9. Notice in particular that as we discussed in section 2,
ξh & ξQ, where in the present example ξh = Mb˙2τ4ϕ˙
√
2ϕ and one can check that the condition
(2.23) is satisfied.
Notice also that B ∼  > ϕ in the early stages of inflation. This is a similar but less dramatic
situation to that described in [34] and is consistent as long as the scalar perturbations of the
gauge field are very small relative to the inflationary perturbation and therefore the scalar power
spectrum can be taken as H
2
8piϕ
, which we discuss in section 4.3.
Figure 1. The evolution of the inflaton, τ2 during the last 60 e-folds of inflation (left) and during the last
few e-folds (right).
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Figure 2. The evolution of the spectator modulus, τ4 and its axion partner b. Both fields reach their
minima well before the end of inflation.
Figure 3. The contributions of (left) the term −3 g M2pi
√
γV
2gs
√
τ4
Q2
(
HQ+ Q˙
)
provided by the gauge field,
Q; and (right) the term
√
γV
2gs
√
τ4
∂V
∂b provided by the potential, to the equation of motion for b given by the
form in (2.12). The contribution from the gauge field almost exactly cancels the contribution from the
potential leading to a slow-roll evolution for b.
Figure 4. The evolution of the gauge field, Q (left) and ξQ =
gQ
H (right) during the last 60 e-folds of
inflation. The evolution of Q is tied to the evolution of b.
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Figure 5. The two dominant terms in the equation of motion for Q, (2.13), satisfy 2g2Q3 ∼ gHQ2ξh.
The term introduced through the coupling to the axion almost cancels 2g2Q3, a term that sends Q to
zero. In this way the axion-gauge coupling supports the gauge field.
Figure 6. The evolution of the effective coupling constants of τ4 and b to the gauge field, ξf (left) and ξh
(right) during the last 60 e-folds.
Figure 7. The evolution of the slow-roll parameter,  (left), and the proportion of  made up by ϕ,
during the last 60 e-folds of inflation.
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Figure 8. The evolution of the magnetic and electric components of the slow roll parameter, E (left
figure) and B (right figure) respectively during the last 60 e-folds of inflation.
Figure 9. Left figure: Comparing B with the overall slow-roll parameter, . B provides the largest
contribution to  for the majority of the last 60 e-folds of inflation. Right figure: Plot of the instantaneous
decay constant, fc =
√
γbb
aMn , during the last 60 e-folds of inflation.
We turn now to the inflationary predictions of the model dictated by the inflaton τ2. Let us
start discussing the scalar spectral index:
ns = 1− 2− ηϕ , (3.26)
with ηϕ = d (ln ϕ) /dN . This form for ns arises under the assumption that the power spectrum is
well-approximated by PS = H28pi2ϕ instead of PS = H
2
8pi2
. Since in the model described,  ∼ B  ϕ
for much of inflation, this is an important distinction. This assumption is well-justified if the
scalar power spectrum receives a negligible contribution from the gauge field scalar perturbations
on super-horizon scales [34] (see 4.3) and is therefore the same power spectrum that would arise
in this model if the gauge fields were ignored, i.e. eq. (3.26), while the expression for r is
r = PT /PS = 16ϕ . (3.27)
This model gives the following inflationary predictions, at 60 e-folds before the end of inflation:
ϕ = 2.80× 10−8, ns = 0.964, rb = 4.48× 10−7,
∆ϕ = 0.190MPl, Hinf ' 7× 10−8MPl , (3.28)
where ∆ϕ =
∫ Ne
N∗
√
2ϕ dN with Ne the end of inflation and N∗ = Ne − 60, ns is the scalar
spectral index, and r = 16 ϕ is the non-sourced estimate for the tensor-to-scalar ratio. As we
can see, the predictions for r are well below the observational target of r ∼ 10−3.
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We have shown that a viable background solution where the gauge field, Q, is sustained by its
coupling to an axion is feasible in a Ka¨hler inflation set-up including a suitable spectaor sector.
In the next section, we turn to the perturbations of this system and consider whether this gauge
field can act as a source for primordial gravitational waves.
4 Cosmological Perturbations
In the previous sections we learned that it is possible to build a concrete scenario within string
theory that fulfils the requirements for successful background dynamics for spectator chromonat-
ural inflation realising our first two goals. As we discussed, this can be achieved by fixing two of
the parameters, namely the magnetic flux, M , and the condensing group degree, N . Anticipating
the requirement of a controllable backreaction from the tensor gauge fluctuations, we also fixed
g, which in turns fixes the last parameter, namely the wrapping number, n.
In this section we consider the evolution cosmological perturbations to the model described in
section 3. We are particularly interested to discuss the following aspects in more detail:
• Amplification of primordial tensor fluctuations: we show that the primordial spectrum of
tensor fluctuations of Ka¨hler inflation can be amplified by a factor of order 103 when
embedded in our realisation of chromonatural inflation. The enhanced spectrum reaches
values that can be probed by the future generation of CMB polarisation experiments [4–
9]. The large enhancement corresponds to our second goal and requires fixing a second
parameter, by requiring that the “instantaneous” decay constant is large enough to sustain
the gauge field for enough e-folds. This fixes a second available parameter, specifically the
condensing group degree N to be large. The fact that the spectrum is chiral also means it
is distinguishable from a higher-energy single-field model. However, we shall explain that
the tensor chirality is not observable for the predicted value of the parameters of our model.
• Backreaction of gauge fluctuations: for the first time when discussing a string embedding of
the SCNI model, we perform a careful estimate of the backreaction of fluctuations following
[30]. We show that the backreaction of a potentially large amplitude of gauge field fluc-
tuations can be made subdominant in the evolution equations for background quantities.
As anticipated, a small backreaction requires a small effective gauge coupling, which we
defined in section 3 as (eq. (3.12))
g =
1√
Nn/2
, (4.1)
thus requiring fixing the third parameter, namely the spectator D7-brane stack wrapping
number, n.
Before discussing the perturbations in detail, we show in figures 10 - 12 why the system is heavily
constrained, and in particular why we require a very low value for g and what this means for N .
In figure 10 we plot the analytical estimate (see section 4.2) of the sourced tensor-to-scalar ratio
as a function of the parameter ξQ = gQ/H for different values of the effective gauge coupling,
g. The enhancement is exponentially sensitive to the value of ξQ. In figure 11 we show g as a
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function of the gauge group degree N and in figure 12 we show an estimate of the backreaction
(see section 4.4) of the gauge field tensor perturbations on the equation of motion for Q (2.13)
as a function of ξQ for different values of g. In order to ensure that our approach of choosing
the gauge field to be in the isotropic configuration, AAi = δ
A
i aQ, is consistent, we require that
the backreaction T QBR, be considerably smaller than the largest term in (2.13), namely 2gQ2Hξh.
The backreaction also increases exponentially with ξQ. However, the lower g, the smaller the
backreaction. Since we require a large enhancement to uplift the tensor spectrum of Ka¨hler
moduli inflation, we need a relatively large value for ξQ (in [30], ξQ ∼ 3.5) and consequently a
very small value for g.
Figure 10. Analytic estimate of the sourced tensor-to-scalar ratio, r, against ξQ =
gQ
H for different
values of g. The dashed lines correspond to the (non-sourced) background tensor-to-scalar ratio for our
example (orange) and the observational cut-off r & 10−3 (blue), while the dot corresponds to the sourced
tensor-to-scalar ratio for the example shown in this paper.
Figure 11. g as function of the gauge-group degree, N . The colours of the dots are coordinated with
figure 10 and correspond to the different values of g that are used in that plot.
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Figure 12. The backreaction of the tensor fluctuations on the equation of motion for Q, T QBR (solid lines)
along with the largest term in the equation of motion for Q, 2gQ2Hξh (dashed lines) plotted against ξQ
for different values of g. Increasing ξQ increases T QBR much faster than 2gQ2Hξh, but decreasing g reduces
T QBR whilst increasing 2gQ2Hξh. The dots correspond to the values of 2gQ2Hξh (on dashed line) and T QBR
(on solid line) that are found in the example above 60 e-folds before the end of inflation.
4.1 Set-up
Following [53], the perturbations can be decomposed as:
φa = φa(t) + δφa(t, xi)
AA0 = a(t)
(
YA(t, x
i) + ∂AY (t, x
i)
)
AAi = a(t)
[
(Q(t) + δQ(t, xi))δAi + ∂i(MA(t, x
i) + ∂AM(t, x
i))
+iAC
(
UC(t, x
i) + ∂CU(t, x
i)
)
+ tiA(t, x
i)
]
g00 = −a2(t)(1− 2φ(t, xi))
g0i = a
2(t)(Bi(t, x
i) + ∂iB(t, x
i))
gij = a
2(t)
[
(1 + 2ψ(t, xi))δij + 2∂i∂jE(t, x
i) + ∂iEj(t, x
i) + ∂jEi(t, x
i) + hij(t, x
i)
]
(4.2)
Here, again, A = 1, 2, 3 is the SU(2) index and i = 1, 2, 3 is the spatial index. The tensor
modes are the perturbations tij and hij , on which we impose the transverse and traceless gauge:
∂ihij = ∂itij = tii = hii = 0 which leaves us with 4 tensor perturbations. The vector modes are
YA,MA, UC , Bi, Ei, which are also chosen to be transverse leaving 10 vector perturbations. The
scalar modes contribute another 11 perturbations. However, the SU(2) gauge freedom allows us
to set U = Ui = 0, immediately removing a scalar and vector perturbation.
4.2 Tensor perturbations
First we focus on the tensor perturbations, and discuss the amplification of primordial tensor
modes22. Taking our wave-vector along the z-axis, k = kz and including only the remaining
22We will use a different formalism for the metric when working with the scalars for convenience.
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tensor perturbations, we can write the gauge fields and metric as:
A1µ = a (0, Q+ T+, T×, 0)
A2µ = a (0, T×, Q− T+, 0) ,
A3µ = a (0, 0, 0, Q) (4.3)
and
gµν = a
2

−1 0 0 0
0 1 + h+ h× 0
0 h× 1− h+ 0
0 0 0 1
 (4.4)
where T+, T× and h+, h× are the transverse tensor perturbations of the gauge fields and metric,
respectively. To quadratic order the inverse metric is:
gµν = a−2

−1 0 0 0
0 1− h+ + h2+ + h2× −h× 0
0 −h× 1 + h+ + h2+ + h2× 0
0 0 0 1
 . (4.5)
4.2.1 Analytic approximation
After finding the tensor action to 2nd order in perturbations, the linearised equations of motion
for the tensor modes to leading order in slow-roll can be found, and these are given below. We
use standard notation used in the literature (as e.g. in [30]), whereby we split the tensor modes
into left and right-moving modes as:
ψL,R =
aMPl
2
(h+ ± ih×) and tL,R = a(T+ ± iT×).
By defining
x =
k
aH
(4.6)
and applying a first order slow-roll expansion23, we arrive at the equations of motion:
∂2xψR,L +
(
1− 2
x2
)
ψR,L =
2
√
fE
x
∂xtR,L +
2
√
fB
x2
(ξQ ∓ x) tR (4.7)
∂2xtR,L +
[
1 +
2
x2
(ξQξh ∓ x(ξQ + ξh))
]
tR,L − 2ξf
x
∂xtR,L
= −2
√
E/f
x
∂xψR,L +
2
x2
[
(ξQ ∓ x)
√
B/f + (1 + 2ξf )
√
E/f
]
ψR,L (4.8)
where
√
E =
√
f
MPl
(Q− x∂xQ) , √B =
√
fgQ2
HMPl
, (4.9)
23Here by first order, we mean objects proportional to
√
i, i = ϕ,E,B.
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and recall that
ξQ =
gQ
H
, ξh =
Mb˙
2fH
, ξf =
τ˙4
2fH
. (4.10)
Before discussing our numerical results, we can make some progress analytically as in [30]. First,
we note that only the right-helicity mode of the gravity waves can be enhanced – this is because
only the right-helicity mode of the gauge tensor perturbation, tR, has a growing mode at any
time period. The relevant term in (4.8) is given by ∓ 2x (ξQ + ξh) tR,L, which can only lead to
a growing solution in the right-helicity mode, tR, due to the minus sign
24. For this reason, we
will only consider the right-helicity mode, tR, in our discussion as this is the one relevant to
enhancing the gravitational wave spectrum. Proceeding to find an analytic approximation, we
start by solving the right-helicity homogeneous equation of (4.8), which has solutions (assuming
ξQ, ξh and ξf are constant)
tR =
1√
2k
iβxξfWβ,α(−2ix) (4.11)
where Wk,m(z) is the Whittaker function, β = −i(ξQ+ξh) and α = 12
√−8ξQξh + (1 + 2ξf )2. The
solution is normalised by tR → (2k)−1/2(2x)βeixxξf , x→∞, which is the equivalent condition to
[30] (set ξf = 0).
We then wish to find the Green function for (4.7) for which we use the following formula
G(x, x′) =
ν1(x)ν2(x
′)− ν1(x′)ν2(x)
ν ′1(x′)ν2(x′)− ν1(x′)ν ′2(x′)
(4.12)
where, ν1 and ν2 are the homogeneous solutions to the equation you wish to solve. In our case,
(4.7) has homogeneous solutions:
ν1(x) = e
ix
(
1 +
i
x
)
(4.13)
ν2(x) = e
−ix
(
1− i
x
)
. (4.14)
With this, our Green’s function is
G(x, x′) =
(x′ − x) cos(x′ − x)− (1 + xx′) sin(x′ − x)
xx′
. (4.15)
We now need to perform the integral∫
dx′
{
2
√
fE
x′
∂x′tR,L +
2
√
fB
(x′)2
(ξQ − x′)
}
G(x, x′) . (4.16)
An analytic estimate for this integral can be found by first performing an indefinite integral over
x′, then by taking two limits: first x′ →∞ (the dominant contribution to this integral will be in
the sub-horizon limit before the gauge field decays). Then in the super-horizon limit
lim
x→ 0
ψR =
1√
2kx
{
FRE
√
fE + FRB
√
fB
}
. (4.17)
24Due to the 1/x factor, and ξQ, ξh > 1, this term dominates over the other two terms proportional to tR,L when
x ∼ O(1), and tR becomes a growing mode. When x 1, the term tR,L dominates, and both tR,L decay; and then
when x 1, the term 2
x2
ξQξhtR,L dominates and both solutions decay again. The terms on the RHS of (4.8) are
negligible and do not affect the evolution of tR,L.
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The sourced right-helicity tensor power spectrum is given by:
PR,sh (k) =
H2
pi2M2Pl
∣∣∣√2kx lim
x→0
ψR
∣∣∣2 = f BH2
pi2M2Pl
F2R (4.18)
where F2R ≡
∣∣∣FRB +√E/BFRE ∣∣∣2 is a measure of the amplification. FRE and FRB are given by
FRE =
− i 2
4−ξf
256
e
1
2
ipi(β+ξf ) Γ
(
−α+ ξf − 3
2
)
Γ
(
α+ ξf − 3
2
) Γ(−β − ξf )Γ (−α− β + 12)Γ (α− β + 12)
[ −16α4 + 8α2 (8β + 4ξf 2 + 5)− 8 ((8β + 3)ξf 2 + 8βξf + 2β(8β + 1) + 2ξf 4)+ 32ξf − 9]
+
1
Γ(−β + ξf + 1)
[
16α4 + 8α2
(
8β − 4ξf 2 − 5
)
+ 128β2 − 16β(2ξf + 1)2
+(1− 2ξf )2(4 ξf (ξf + 1) + 9)
] , (4.19)
FRB =
24−ξf
256
e
1
2
ipi(β+ξf)Γ
(
−α+ ξf − 3
2
)
Γ
(
α+ ξf − 3
2
) Γ (−β − ξf )Γ (−α− β + 12)Γ (α− β + 12)
[ 8iξQ(β + ξf )
(
1− 4α2 + 8β + 4 (ξf − 1) ξf
)
− (4α2 − 4 (ξf − 3) ξf − 9) (4α2 − 8β − 4ξf (ξf + 1)− 1)]
− 1
Γ (−β + ξf + 1)
[
8iξQ (β − ξf )
(
4α2 + 8β − 4 (ξf − 1) ξf − 1
)
+
(
4α2 − 4 (ξf − 3) ξf − 9
) (
4α2 + 8β − 4ξf (ξf + 1)− 1
)] . (4.20)
We saw in section 2 that in the slow-roll approximation, the relation (2.23), ξh ' ξQ+ξ−1Q +ξf/ξQ,
among ξh, ξQ and ξf holds and moreover, ξf  1. Fixing ξf = 7.85× 10−3, the value it takes 60
e-folds before the end of inflation in the model discussed in section 3, we plot the amplification
factor F2 for the right mode in FIG. 13 and compare the amplification factor for ξf = 7.85×10−3
and ξf = 0. As we see from the plot, there is a negligible difference, indicating that this coupling
does not affect the tensor spectrum.
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Figure 13. The amplification factor, F2, of the tensor power spectrum for right-helicity modes in our
analytic estimate plotted against the effective mass of the gauge field, ξQ. The left figure uses ξf =
7.85 × 10−3 and the right figure shows two cases, ξf = 7.85 × 10−3 and ξf = 0 demonstrating that ξf is
too small to have any effect on the tensor perturbations.
We define the total tensor spectrum as r = rb + rs where rb is the background inflationary
tensor spectrum rb = (2H
2/pi2)/PS and rs = Psh/PS with PS = 2.1 × 10−9 where Psh is the
sourced part of the tensor power spectrum and is calculated through (4.18). For this example,
60 e-folds before the end of inflation we have rb = 4.48 × 10−7 and rs = 2.86 × 10−3 leading to
an overall estimate for the tensor-to-scalar ratio of r = 2.86× 10−3.
It is interesting to stress that the resulting tensor spectrum is fully chiral, since only the right-
helicity tensor modes get amplified. On the other hand, the resulting tensor-to-scalar ratio is at
least one order of magnitude too small for detecting chirality by cross-correlating T , E and B
spectra with future CMB experiments – see e.g. [61] for a detailed analysis.
4.2.2 Numerical results
We now discuss the full numerical solution for the tensor perturbations of the model discussed in
section 3. We consider the full equations of motion without employing the slow-roll approximation
and normalise our solutions in the Bunch-Davies form tR(xin) = ψR(xin) = 1/
√
2k, t ′R(xin) =
ψ ′R(xin) = i/
√
2k where xin should be some relatively large number that we take to be xin =
2 × 104, numerically approximating infinity, and k = k∗ = 0.05 Mpc−1. The evolutions of tR
and ψR are plotted in FIG.14. With no enhancement to the gravity sector, |
√
2k xψ| → 1 at
super-horizon scales, x < 1, but as we can see ψR freezes out at super-horizon scales with an
enhanced value due to a transient instability experienced by tR just before horizon-crossing even
as tR decays. The freeze-out value of |
√
k xψR|2 is the amplification factor for the tensor power
spectrum. Evaluating the tensor-to-scalar ratio, r = Ph/PS with this freeze-out value leads to a
similar enhancement to that predicted by our analytic estimate above, giving an enhancement of
rb = 4.48× 10−7 −→ r = 2.29× 10−3 (4.21)
an amplification of 5113 for the example shown in section 3. The value of r = 2.29 × 10−3 is
slightly smaller than our analytic estimate (2.86× 10−3) but still large enough to be potentially
observable at next generation detectors such as CMB-S4 [6] and many others [4, 5, 7–9]. We
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define the tensor power spectrum as25:
Ph = H
2
pi2M2Pl
∣∣∣√2k xψR∣∣∣2 (4.22)
and evaluate this with the freeze-out value (x 1) for
∣∣∣√2k xψR∣∣∣2, with horizon-crossing, x = 1,
taken to be 60 e-folds before the end of inflation.
Figure 14. The evolution of the (right-helicity) tensor modes for the gauge field, tR, and the gravity
sector, ψR for example 2 plotted against x = k/aH.
Comparing this to the example given in [30] where the freeze-out value of
√
2kxψR . 10 (FIG.
4), we see that the amplification factor in our model is much larger. This is of course necessary
because we wish to amplify the tensor-to-scalar ratio to observable values r & 10−3. In the
example given in [30], rb ∼ 10−3 whereas in our example, rb ∼ 10−7 meaning we require a much
greater enhancement. This does not come for free and the larger enhancement leads to larger
backreaction (see section 4.4), which can be compensated for by reducing the value of g, and in
[30], g = 1.11× 10−2, compared to our value of g = 5× 10−4.
We have shown both with an analytic approximation and using a full numerical solution that
it is possible to greatly amplify the tensor power spectrum of Ka¨hler moduli inflation. In the
case of the full numerical solution, we have shown that it is possible to amplify the tensor power
to observable values, r & 10−3. In the next two sections, we will demonstrate that first the
scalar perturbations are under control, and second that this great enhancement does not lead to
excessive backreaction.
4.3 Scalar perturbations
We now discuss the scalar perturbations in this system. As we mentioned above, we use, as a
matter of convenience, a different formalism for the metric to the one used above for the tensor
perturbations. Using this formalism, we will show that the scalar metric perturbations have no
impact at linear order, and can therefore be neglected in the evolution. Our starting point is the
25This is not the same as (4.18), which accounted only for the sourced contribution to the tensor power spectrum.
The following is defined through the full numerical solution and is therefore the full tensor power spectrum.
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ADM formalism as described for generalised multi-field inflation in [62]. In the ADM formalism,
the metric is taken to be:
ds2 = −N2dt2 + hij(dxi +N i dt)(dxj +N j dt) (4.23)
where N and N i are the lapse and shift functions, respectively. With this choice, our full action,
(2.1), can be written in the form:
S =
1
2
∫
dtd3x
√
hN
(
R(3) + 2P
)
+
1
2
∫
dtd3x
√
h
N
(
EijE
ij − E2) , (4.24)
where R(3) is the Ricci scalar calculated with the spatial metric, hij , whose determinant is h =
det (hij). Eij is the symmetric extrinsic curvature tensor given by:
Eij =
1
2
h˙ij − 1
2
∇(3)j Ni −
1
2
∇(3)i Nj (4.25)
and E is its trace, E = hijEij . Finally, P , is the matter sector and for our system is:
P = X − V − f(φ
a)
4
FAµνF
Aµν +
h(φa)
4
F˜AµνF
Aµν (4.26)
where X is the kinetic term and can be decomposed as:
X = −1
2
γab∂µφ
a∂µφb =
1
2N2
γabv
avb − γab
2
hij∂iφ
a∂jφ
b (4.27)
with va = φ˙a −N j∂jφa. Variation with respect to the lapse, N , leads to the energy constraint:
R(3) − 2V − γabhij∂iφa∂jφb − 1
N2
{
EijE
ij − E2 + γabvavb
+f
(
hijFA0iF
A
0j − hjkN iFA0jFAik + hijNkN lFAikFAjl + hijNkFA0iFAjk
)}
= 0 (4.28)
and variation with respect to the shift, N i, leads the momentum constraint:
∇(3)j
(
1
N
(
Eji − Eδji
))
N = γabv
a∂iφ
b + f hjk
(
N lFAklF
A
ij + F
A
0jF
A
ik
)
. (4.29)
We now wish to linearise the system in scalar perturbations. We choose the spatially flat gauge
to set hij = a(t)
2δij and define the scalar perturbed lapse and shift function as:
N = 1 + α , Ni = ∂iβ (4.30)
where α and β are linear perturbations. As defined in subsection 4.1, we decompose our fields in
the following way (considering only scalar perturbations):
φa = φa(t) + δφa(t, xi)
AA0 = a(t) ∂AY (t, x
i)
AAi = a(t)
[(
Q(t) + δQ(t, xi)
)
δAi + ∂i∂AM(t, x
i)
]
. (4.31)
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For our example in section 3, δφa = {δτ2, δτ4, δb}. Including α and β, we therefore have 8
remaining perturbations. However, the perturbations Y, α, β are all non-dynamical (no time
derivatives of, e.g, Y , appear in its equation of motion). The equations of motion for these three
perturbations can therefore be used as constraints. From the energy constraint (4.28), we get the
following equation for β:
(4.32)4H∂
2β + 12 a2H2α = 2aH
√
fE ∂
2Y − 6a2H
√
fE (HδQ+ ˙δQ)− 2a2 V,a δφa
− 2a2H
√
fE ∂
2(HM + M˙)− 2a2γabφ˙aDtδφb
and from the momentum constraint (4.29), we get the α equation:
α =
1
2H
(
γab φ˙aδφ
b + 2H
√
fE δQ+ 2HξQ
√
fB Y
)
, (4.33)
whereDtδφa = ˙δφa+Γabc φ˙bδφc, ∂2 = ∂i∂i, and we have performed a systematic slow-roll expansion
up to first order in
√
 as was described for the tensor perturbations. By expanding the action
up to second order in the scalar perturbations, and substituting the values for α and β found
from (4.32) and (4.33), we find equations for the remaining perturbations, Y, δφa, δQ,M . The
constraint equation for Y can then be found after moving into momentum space and choosing
the wave-vector to be purely on the z-axis, k = kz. Y can be found from this equation then
substituted into the Fourier-space equations of motion for δφa, δQ,M . Whether we set the metric
perturbations α and β to zero or not, the algebra is extremely involved, and we will therefore only
summarise our results here. Before attempting to numerically solve the equations for δφa, δQ,M ,
we change to x = k/aH coordinates, and by redefining the fields as in [30, 53]:
δτ2 =
∆τ2
a
, δτ4 =
∆τ4
a
, δb =
∆b
a
δQ =
∆1√
2a
, M =
agQ∆1 +
√
k2 + 2a2g2Q2∆2√
2ga2k2Q
(4.34)
we can remove a and k from the equations of motion, using k = xaH. The initial conditions for
the scalar field perturbations have the multi-field inflation form [63]:
∆a(xin) =
−xH dφadx√
2kϕ˙
,
d∆a
dx
(xin) =
−ixH dφadx√
2kϕ˙
(4.35)
where ∆a = (∆τ2 ,∆τ4 ,∆b) and ϕ˙
2 = gabφ˙aφ˙b = x
2H2 gab
dφa
dx
dφb
dx while the scalar gauge field
perturbations have the standard Bunch-Davies initial conditions:
∆i(xin) =
1√
2k
,
d∆i
dx
(xin) =
i√
2k
(4.36)
where ∆i = (∆1,∆2), k = k∗ = 0.05 Mpc−1 is the pivot scale and as before xin = 2× 104.
We first demonstrate that the inclusion of the scalar metric perturbations, α, β, in the equa-
tions of motion for scalar perturbations (4.34) has no effect on the evolution as these contribute
negligibly. The complexity of the equations including the contribution from the metric pertur-
bations is so high that a full evolution of the system is beyond the scope of this paper. Instead,
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we show that over a shorter evolution26, there is no difference in the system’s evolution with or
without the inclusion of the metric perturbations. We then do a full evolution without the metric
perturbations to include the decays of all the fields. As can be seen in FIG. 15, the metric per-
turbations have a negligible effect on the evolution of the scalar perturbations and can therefore
be set to zero.
Figure 15. The evolution of the scalar perturbations defined in (4.34) with (left figure) and without
(right figure) the inclusion of the metric perturbations α, β found through (4.33), (4.32) for the example
in section 3 plotted against x = k/aH. As we can see, the metric perturbations have a negligible effect on
the evolution and can safely be set to zero.
In order to see that the perturbations are well behaved, we define the (tangential) multi-field
scalar perturbation
δs =
gab φ˙a δφ
b
ϕ˙
=
∆s
a
=
gab φ˙a ∆
b
a ϕ˙
(4.37)
with ∆a = (∆τ2 ,∆τ4 ,∆b). In the standard multi-field inflation case, the combination
∣∣∣√2kx∆s∣∣∣
should beO(1)27 after horizon-crossing, x < 1 before the background fields decay and lead to a de-
cay in the scalar perturbations. In FIG. 16, ∆s is plotted with the gauge field scalar perturbations,
∆1,∆2. As can be seen, ∆s freezes out (x < 1) with
∣∣∣√2kx∆s∣∣∣ ∼ O(1) ∣∣∣√2kx∆1∣∣∣, ∣∣∣√2kx∆2∣∣∣
suggesting the gauge field has a negligible effect on the scalar power spectrum. The full evolution
including the decays of all the perturbations is shown in FIG. 17.
26The smaller the final value of x, the closer to the end of inflation.
27In the perfectly massless case, when the potential is perfectly flat,
∣∣∣√2kx∆s∣∣∣ = 1 after horizon-crossing.
Therefore a value close to 1 is expected during slow-roll inflation. When the slow-roll approximation breaks down,
as happens when the inflaton nears its minimum, the perturbation will grow before decaying as the background
inflaton settles to its minimum (see FIG. 17).
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Figure 16. The evolution of the scalar perturbations defined in (4.34) and (4.37) plotted against x =
k/aH. After horizon-crossing, x < 1, the scalar perturbation associated with the scalar fields, ∆s is
consistently much larger than the scalars associated with the gauge field, ∆1,∆2.
Figure 17. The full evolution of the scalar perturbations defined in (4.34) and (4.37) plotted against
x = k/aH including the decays of all the perturbations which take place concurrently with the decays of
the corresponding background fields.
We have shown that the metric scalar perturbations’ contribution is negligible and that the
scalar perturbations to the gauge field are very small relative to the tangential inflationary per-
turbation. Our assumption is that the scalar power spectrum can be split into a contribution
from the gauge field and the standard inflationary part. With the gauge field perturbations sub-
dominant, this means that the power spectrum is well-approximated by PS = H28pi2ϕ and that
therefore the inflationary predictions of both PS and ns are not spoiled by the presence of the
spectator gauge field.
4.4 Backreaction
In order to verify the consistency of this model, particularly the assumption that at the back-
ground level, the gauge field, AAi , can be taken in the isotropic form, A
A
i = δ
A
i Q(t), we must check
whether the tensor perturbation to the gauge field, which is, by necessity, large when x ∼ 1, does
not produce a large backreaction on the background equations of motion. In order to estimate
this backreaction, we will take advantage of our analytic solution for the tensor fluctuation to
32
the gauge field, tR, given in (4.11). Of course this solution is merely a mode function, and we
start by promoting tR and its conjugate tL to quantum operators. Starting with the definitions
for T+, T×, we arrive at the following forms for tˆR and tˆL:
tˆR(z) =
∫
d3k
(2pi)3
{
tR(k) aˆR(k) e
i~k.~z + t∗L(k) aˆ
†
L(k) e
−i~k.~z
}
tˆL(z) =
∫
d3k
(2pi)3
{
tL(k) aˆL(k) e
i~k.~z + t∗R(k) aˆ
†
R(k) e
−i~k.~z
}
(4.38)
where tˆR = tˆ
∗
L but tR 6= t∗L. The creation and annihilation operators satisfy:[
aˆR(p), aˆ
†
R(q)
]
= (2pi)3 δ3 (~p− ~q)[
aˆL(p), aˆ
†
L(q)
]
= (2pi)3 δ3 (~p− ~q) (4.39)
and all other combinations are zero. The mode function tR and its conjugate t
∗
R are given by
(4.11) and tL, t
∗
L are assumed to be negligible over the relevant region. The following integrals
prove useful:
〈0|tˆR tˆL|0〉 =
∫
d3k
(2pi)3
|tR|2
〈0|tˆL tˆR|0〉 =
∫
d3k
(2pi)3
|tL|2 ∼ 0
〈0|tˆR ∂ttˆL|0〉 =
∫
d3k
(2pi)3
tR (∂tt
∗
R)
〈0|tˆL ∂ttˆR|0〉 =
∫
d3k
(2pi)3
tL (∂tt
∗
L) ∼ 0
〈0|∂ttˆL tˆR|0〉 =
∫
d3k
(2pi)3
(∂ttL) t
∗
L ∼ 0
〈0|∂ttˆR tˆL|0〉 =
∫
d3k
(2pi)3
(∂ttR) t
∗
R
〈0|tˆR ∂z tˆL|0〉 =
∫
d3k
(2pi)3
(−ik)|tR|2
〈0|tˆL ∂z tˆR|0〉 =
∫
d3k
(2pi)3
(−ik)|tL|2 ∼ 0
〈0|∂z tˆR tˆL|0〉 =
∫
d3k
(2pi)3
ik|tR|2
〈0|∂z tˆL tˆR|0〉 =
∫
d3k
(2pi)3
ik|tL|2 ∼ 0
〈0|∂ttˆR ∂ttˆL|0〉 =
∫
d3k
(2pi)3
|∂ttR|2
〈0|∂ttˆL ∂ttˆR|0〉 =
∫
d3k
(2pi)3
|∂ttL|2 ∼ 0
33
〈0|∂z tˆR ∂z tˆL|0〉 =
∫
d3k
(2pi)3
k2|tR|2
〈0|∂z tˆL ∂z tˆR|0〉 =
∫
d3k
(2pi)3
k2|tL|2 ∼ 0
(4.40)
With these in hand, we can find equation of motion for Q, (2.13), including the backreaction
from tR:
Q¨+ 3HQ˙+Q
(
H˙ + 2H2
)
+ 2g2Q3 − 2gQ2H ξh + 2H ξf
(
QH + Q˙
)
+
g
3 a2
∫
d3k
(2pi)3
k
a
|tR|2+g ξhH
3 a2
∫
d3k
(2pi)3
|tR|2 = 0 (4.41)
These additional terms are completely equivalent to the backreaction terms in [30] and to make
an estimate of their magnitude in terms of the effective mass of the gauge field, ξQ, we follow [30]
by defining:
T QBR ≡
g ξhH
3 a2
∫
d3k
(2pi)3
|tR|2 + g
3 a2
∫
d3k
(2pi)3
k
a
|tR|2' gH
3
12pi2
(ξh β1(ξQ) + β2(ξQ)) (4.42)
where
β1 (ξQ) =
∫ xmax
0
dxx
∣∣∣iβxξfWβ,α (−2ix)∣∣∣2 , (4.43)
β2 (ξQ) =
∫ xmax
0
dxx2
∣∣∣iβxξfWβ,α (−2ix)∣∣∣2 (4.44)
where we have used the analytic solution for tR given in (4.11), and used the same cut-off described
in [30], xmax ≡ ξQ + ξh +
√
ξ2Q + ξ
2
h which encompasses the main region for which tR is enhanced
by the transient instability near x = 1. FIG 18 shows the evolution of the backreaction term,
TQBR, plotted with the leading contributions to the equation of motion for Q. T
Q
BR is indeed small
relative to the largest contribution given by 2gQ2H ξh.
Figure 18. The evolution of the leading terms in the equation of motion for Q (4.41), 2gQ2H ξh (blue),
2g2Q3 (orange), 2H2Q (green) and the backreaction induced by the gauge tensor perturbation, TQBR (red)
for the example shown in section 3 plotted against x = k/aH.
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We also want to check that the contribution to the energy density is low. The contribution
to the energy density from the gauge tensor perturbation is found to be (exactly analogously to
[30])
ρtR =
1
a4
∫
d3k
(2pi)3
{
1
2
∣∣∣∂ηtR∣∣∣2 + (k
2
+ a gQ
)
k |tR|2
}
' f H
4
8pi2
ItR (4.45)
where η is conformal time and
ItR =
∫ xmax
0
x3
{∣∣∣iβ∂x (xξfWβ,α (−2ix))∣∣∣2 + (1 + 2ξQ
x
) ∣∣∣iβxξfWβ,α (−2ix)∣∣∣2} . (4.46)
Using this expression, in FIG. 19, the evolution of ρtR is plotted alongside ρφ ' V and ρQ =
3
2f
[(
H Q+ Q˙
)2
+ g2Q4
]
. It is a sub-dominant contribution throughout.
Figure 19. The evolution of the energy densities in φ, ρφ ' V (blue); in Q, ρQ =
3
2f
[(
H Q+ Q˙
)2
+ g2Q4
]
(orange); and in tR, (4.45) (red), for the example shown in section 3 plotted
against x = k/aH.
We have shown that the backreaction induced by the tensor mode tR on both the equation of
motion for Q as well as on the energy density is sub-dominant in the example shown in section
3. Our original A¨nsatz for background form of AAi is therefore consistent considering that the
scalar perturbations to the gauge field are small.
5 Discussion
Spectator Chromonatural Inflation [17, 18, 30, 34, 53] involving non-Abelian gauge field back-
grounds offers an appealing mechanism to produce a gravitational wave spectrum with a preferred
handedness that can be produced at observable levels even when no field makes a super-Planckian
field excursion, thus evading the Lyth bound.
As we discussed in this paper, designing field theory models with the correct properties to
realise satisfactory (S)CNI seems rather challenging [32, 33]. Supergravity and string theory
models of inflation offer a natural framework where one can study possible embeddings of SCNI
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that may overcome some of these challenges. A first look at the supergravity embedding of CNI
was taken in [36], while in string theory, a proposal to embed SCNI was first made in [37].
In this paper we took a further step towards a successful embedding of SCNI in string theory.
We first introduced in section 2 a generalised multifield model that incorporates the ingredients
that arise in supergravity and string theory models with scalars and gauge fields. Namely a
non-trivial scalar metric, potential coupling of the scalars to the gauge field besides the axion.
We discussed this more general set-up in comparison with the SCNI and discussed the required
constraints to achieve a successful inflationary evolution.
We then used our results in section 2 to analyse the careful embedding of SCNI within a
string theory model of inflation in section 3. As in [37] we used Ka¨hler inflation as a host model,
which naturally predicts a low value for the tensor-to-scalar ratio r . 10−7 [42, 43], well outside
observable limits. As we discussed, Ka¨hler inflation in its original form, cannot be used to realise
SCNI. Thus, similarly to [37], we introduced as a spectator sector magnetised D7-branes, multiply
wrapping four cycles, parameterised by a Ka¨hler modulus T4 and a C2 axion, b, coupled to the
non-Abelian gauge fields living on the magnetised multiply wrapped D7-branes. The parameters
available in this set-up are the magnetic field on the spectator D7-branes, M , its wrapping
number, n, and the degree of the gauge group, N . From the cosmological point of view, we were
interested in realising successfully three specific goals: successful inflation, a sustained gauge field
to successfully source gravitational waves at the observable level, r ∼ 10−3, and a controllable
backreaction from the tensorial gauge fluctuations. We therefore fixed the parameters (M,N, n)
in order to realise these goals.
Once we fixed the parameters, we first checked the moduli stabilisation of our four Ka¨hler
moduli system: that is, three moduli necessary for Ka¨hler inflation plus the fourth modulus
required as a spectator. We fixed all moduli except the inflaton, τ2, and the spectators, τ4, b
to their minima28. We were then left with a general multifield system described from the field
theory point of view by the action (2.1), where the field space metric γab is given by
29 (3.24), the
scalar potential is given by (3.16), the couplings f(φa), h(φa) are given by f = τ4, h = Mb, the
gauge field F = dA− gA ∧A and we defined the “effective gauge coupling” as g = 1/√nN/2
As we discussed in sections 2 and 3, a successful period of inflation and large enough enhance-
ment of the gravitational wave spectrum impose two conditions on the parameters, which can
be fixed by two of the three parameters in the model, namely M and N . However, keeping the
backreaction under control imposes a third condition, which then fixes the third parameter, n.
We evolve the full four-field system, (τ2, τ4, b, Q), numerically and showed our results in sections
3 and 4. We show in figure 10 the enhancement of r for different values of g as a function of
the parameter ξQ, while in figure 12, we see the backreaction estimate for three values of g as a
function of ξQ. As we have discussed, for a fixed value of the effective coupling, the larger ξQ, the
larger the enhancement, but also the backreaction (see also figure 18). We show the dependence
of g as a function of N in figure 11.
As we discussed in section 3, since the spectator axion is not canonically normalised, and its
kinetic term depends on τ4, a dynamical field, we cannot define a decay “constant” in the usual
28We checked that this can be done consistently as in the original Ka¨hler Inflation model [42].
29Where we are working in the large volume limit.
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way. However, we can define an “instantaneous decay constant”, as in [52], which we show in figure
9 in Planck units and turns out to be sub-Planckian as expected, fc ∼ 10−3MPl. On the other
hand, because the host inflationary model is Ka¨hler inflation, the field excursion is sub-Planckian
as well, ∆φ ∼ 0.2MPl and the Lyth bound is evaded, since the enhanced tensor spectrum gives
r = 2.29× 10−3 (see section 4). The actual gauge kinetic coupling is field dependent and set by
τ4. At the minimum of τ4, this is given by g
2 = 1/〈τ4〉 ∼ 115 , and remember that it is displaced
only a small distance from its minimum, so an instantaneous gauge coupling defined at time t
differs little from its value at the minimum.
An important feature of the model from the cosmological point of view, is that it realises a
very mild version of the proposal in [34] to enhance the gravitational wave spectrum. Indeed,
the model requires a specific hierarchy in the slow-roll parameters, namely  ∼ B  ϕ in order
to ensure such a large enhancement. To see why this is we plot in FIG. 20 how B is affected by
reducing the value of g. Despite the fact that, naively, it seems B = f
g2Q4
M2PlH
2 ∝ g2, in fact if we
plot it against ξQ, we see that B = f
H2ξ4Q
g2M2Pl
. This fact has the important consequence that if we
wish to have a model that produces a relatively large value of ξQ (e.g. in our case ξQ ∼ 4) so that
we can get a large enough enhancement to the tensor-to-scalar (see FIG. 10) to achieve r ∼ 10−3,
whilst having a small value of g so as not to produce too large a backreaction (see FIG. 12), it
is unavoidable that  ∼ B > ϕ. This point is further emphasised in FIG. 21 where we plot the
enhancement factor against the ratio of B to ϕ for two values of g. In [30], their inflationary
model already predicts a background tensor-to-scalar ratio of rb ∼ 10−3; they have a much larger
value of ϕ than in our example; and their model predicts a considerably smaller enhancement
factor rs+rbrb ∼ 20 (compared to
rs+rb
rb
∼ 5000 in our example). To achieve this enhancement,
they only require ξQ ∼ 3.4 compared to our ξQ ∼ 4.2 and as discussed the backreaction scales
exponentially in ξQ. For these reasons, in [30], they are able to choose a relatively large value for
g = 1.11 × 10−2 compared to our g = 12000 , and therefore they are able to satisfy  ∼ ϕ  B.
In this regard our example has more in common with [34] where they demonstrate that one can
achieve exceptionally large enhancements whilst controlling the backreaction if g is taken to be
small enough and it is allowed that  ∼ B. In the specific example in [34], they achieve an
enhancement of rs+rbrb ∼ 1068 and have  ∼ B ∼ 10−2.
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Figure 20. The value of B = f
g2Q4
M2PlH
2 = f
H2ξ4Q
g2M2Pl
plotted against ξQ =
gQ
H . If one wishes to achieve the
same value of ξQ after reducing g to mitigate the backreaction, B will be laerger. The dashed line shows
the value of ϕ 60 e-folds before the end of inflation for the example shown in this paper. Similarly the
dot corresponds to the values for ξQ and B in the example shown in this paper 60 e-folds before the end
of inflation.
Figure 21. Two plots showing how the enhancement factor, rs+rbrb , varies relative to the ratio of
B
ϕ
where
ϕ = 2.80 × 10−8, the value it takes 60 e-folds before the end of inflation. The left plot corresponds to
g = 12000 , the value of g used in the example of this paper and the right plot shows g =
1
100 . The dot
corresponds to the values in the example shown in this paper. The red part of the lines corresponds to
parameter space where the backreaction is too large. It can be seen immediately that with g = 1100 , it
is impossible to get a substantial enhancement without incurring excessive backreaction. Because of the
low value of ϕ in Ka¨hler inflation, in order to get a large enhancement with controlled backreaction, we
require g small, which leads to a large value of B relative to ϕ.
The fact that we have  ∼ B may be seen as a problem. However as in [34], we assume that
scalar power spectrum, PS , is dominated by the scalar field perturbations and the gauge field
perturbations therefore contribute negligibly to PS . This in turn allows us to assume that the
scalar power spectrum is well approximated by PS = H28pi2ϕ and consequently that ns = 1−2−ηϕ.
This of course ensures that the important inflationary predictions of Ka¨hler inflation are not
spoiled. In figures 15-17, we show that the scalar field perturbations are much larger in magnitude
than the scalar perturbations of the gauge field.
Comparing to the phenomenological models in the literature, we have seen that a relatively
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simple string theory construction has enough parameters to account for the cosmological con-
straints required to realised the our goals. At least one of these parameters can be easily incorpo-
rated in field theory models, namely rather than working with SU(2), one can work with SU(N),
introducing an effective coupling that can be made small, at the price of a large degree. However
it is not clear whether there are field theory equivalents of the magnetic flux and the D7-brane
wrapping number.
Let us now discuss in more detail the values of the model parameters (M,N, n). As we saw, for
a successful evolution we require a large magnetic flux M = 104. Requiring that the gauge field is
sustained for enough e-folds to enhance the tensor spectrum then requires that the instantaneous
decay constant fc ∼ 10−3MPl, which fixes N ∼ 3 × 105. Finally control on the backreaction
requires a specific value for the effective decay constant g ∼ 12000 , which fixes n = 25. The
winding number is of a similar order to the values used in e.g. [38]. The magnetic flux on the
other hand is much larger, and may backreact on the geometry. Moreover, the gauge group
degree required is very large N ∼ 105. Since N is basically the number of D7-branes, such a
large number of them may again backreact on the full geometry. In any case, it is not clear that
such a large number for N can be realised in any realistic large volume compactification. So we
see this as the biggest challenge of the construction. Remember however, that we have required
three very specific cosmological objectives and the large value of N is needed to realise these.
A final comment on possible constraints from the weak gravity conjecture (WGC) [64] in the
SU(N) case [32]. As we mentioned, the gauge coupling is set by g2 ∼ 1/τ4, and given the large
value of N , the cutoff implied by the WGC for SU(N) is of order ΛQG ∼ gMPl ∼ 0.3MPl. As
we have also mentioned, we cannot define a decay constant similarly to the model discussed in
[52], so it is not clear how the axionic version of the WGC would apply. In any case, as we have
shown, we can define an instantaneous decay constant, which is sub-Planckian, as it is the field
excursion.
Let us finally comment on using a different string inflation model as a host, namely Fibre
inflation [65]. Fibre inflation has already a relatively large prediction for the tensor-to-scalar
ratio from the vacuum fluctuations, namely rb ∼ 10−3. In this case, a similar construction to
that described here for the spectator sector can be used to in this case to enhance the inflationary
tensor mode to about r ∼ 0.01 and therefore its chirality may be accessible to observations [61].
Since the required enhancement is much smaller, the constraints on the parameters (M,N, n)
could be relaxed. We leave the study of this for future work.
In summary, we find our results very interesting in that string theory models of inflation contain
potentially all the necessary ingredients to realise SCNI. However, it is clear that requiring an
appealing cosmology imposes strong constraints on the parameters, which may not be realisable
in realistic constructions. On the other hand, the construction is rich enough and has other
cosmological implications at different scales than the CMB, which may relax the constraints on
the parameters. We leave for future work further investigations of this aspect.
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